СНАРТЕК ХУП. 


RECTIFICATION (IL). 


CENTRAL Conic, Limagon, LEMNISCATE, TROCHOIDS, ETC. 
APPLICATION OF ELLIPTIC FUNCTIONS. 


566. We have reserved for а separate chapter the consider- 
ation of those curves whose rectification needs the employment 
of Elliptic Integrals. 


567. Rectification of the Ellipse. Arc measured from the End 
of the Minor AXIS. 
If 0 be the eccentric angle of a point z, y on the ellipse 


gi 
hcl 
we have z-acosÓ, y — b sin Ө, 
dz— —азїп 040, dy-bcos0d0. 
E d 
B 
P 
О АЕ 
Fig. 130. 
Hence ds? = (a? sin? 0 4- b? cos? 0) 408, 
3 
апа ge “| (1-6 cos? 6)* 40 
9 


gives the are ВР from the end B of the minor axis to any 
point P on the curve. 
571 
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Putting Ө= 5 —х, 


$= 4, 31-63 sin? хфх--аЁ (х, е). 
(See Chapter XI.) 


568. This integral is Legendre's elliptie integral of the 
second kind, and is not expressible in terms of the ordinary 
circular or inverse circular functions. But its value can be 
found for specific values of e and x from the tables 
calculated for the function #. Thus, for instance, the 
tables for E corresponding to е=$ give 


Е(10°)= 17481 

Е(20°)= "84788 

E(30°)= -51788 

Е(40°) = 68506 | Values extracted from 
E(50°)= 484882 } tables given in Bertrand, 
Е(60°) = 1:00756 | Cale. Intég., p. 717. 
Е(70°) 21116318 

Е(80°) = 1:31606 

Е(90°) = 146746 

Hence, taking an ellipse with а 20-inch major axis and 
eccentricity 4, the ares for eccentric angles 80°, 70°, 60°, ... 0°, 
measured from B, the end of the minor axis, are: 174, 847, 
518, 6:85, 8:48, 10:08, 11:68, 18:16, 1467 inches to two 
places of decimals. 

The student should construct а quadrant of such an ellipse 
on squared paper, and by careful stepping with dividers round 
the perimeter verify this calculation approximately. 

The total perimeter of the ellipse in any case is 4aZ,, 
where E, is the complete elliptic integral. And in the present 
case 4x 146746 = 58-7 inches very approximately. 

The circumference of the auxiliary circle = 207 = 62:8318, 
16. 41 inches longer than that of the ellipse. 


569. Approximation. 

If an approximate value be required, we may expand the 
radical ./1—e? sin?x, and in cases where the eccentricity is 
small the series is rapidly convergent. 
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We then have 
К 1 Lol ха: "E 
== —— e sin? y ——- 2eísin*y— 
s=al (1 9€ sin? x—5° 4€ xag g 


For a quadrant the limits are 0 and » and the arc of the 


quadrant 


6 
«6 ... to о). 


The first TEST terms give for the above ellipse a perimeter 
of 587 approximately. 
570. Other modes of procedure may be adopted. 


Cartesians. 
Keeping z for the independent variable, we have 
A 
Ки a? y’ 
. (ds? b? : а? — е?а? 
(D taa насе) аа 


T — 2278 
а L 

Hence s=f жи dz. 
0 а2 — х? 


If we now put z—asin x, where x is, ав before, the com- 
plement of the eccentric angle, this reduces at once to 


х 
s-a| /1—e? sin? х dx 1 
0 


ав before. 
571. Taking the central pedal equation 
a?b? 
- —g3--b2— 72, 
/ КЕ 
we get 8-| ro |а, 
Jr? —p*. JA (a$—72) (r? —b?) 
Putting 72 = а? gin? x +b? cos? х, 


r dr = (a3 — b?) sin x cos x х, 
a? -- 62 — 1? = a? cos? y+? sin? x = a? (1— е? sin? х), 
and (42—17?) (r? — b?) = (a? — 02)? sin? x cos? x ; 


x 
С s=aĵ Л — е? sin? x dx. 
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572. Taking the focal p-r equation 
b? 2a 


22222541: 


ЗА 
a rd [ rJ9a—rdr — „ат — rà : 
"T Мика “| диета /®ат--%—1? ` 
(3 
: 2а—т : 
Putting r —a(1 +esin x) this reduces at once to 


JM арааг син, 
зај авиа, 


аз before. 
573. It appears then that aE (y, e), 4.6. 


x 
т ах, 


represents the length of the ате of an еШрзе measured from 
the end of the minor axis to a point, on the curve, whose 
eccentric angle is 3 — x, the semi-major axis being а and the 
eccentricity e. (See Art. 567.) 

This may be written as 


х 
Е „Ја? cos? х +b? sin? х dx, 


x 
or as р I3 4-2Im cos 2x +m? dx, 


where 1+m=a and [—т=ф. And it is useful to be able to 
recognise these forms at once, when they appear, as repre- 
senting an arc of an ellipse. They occur in many other 
rectifications. 


574. March of the Second Elliptic Function. 
Xx 
'The form s=a 4 /1—e? sin? x dx 


for an ellipse gives à very clear idea of the “ march" of 
the “second elliptic function” corresponding to any given 
modulus e, and it is easy to construct a graph of the relation 
between x and s by measuring off ordinates equal to the 
атс of the ellipse and abscissae proportional to the сош- 
plement of the eccentric angle. 

Taking a=1, the figure (Fig. 131) shows the march of the 
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function for the values e=0, which gives a straight line, viz. 
s=x; 
X 
e=}, which gives - 41-18 x dx — E(x, $), 
0 


and e=1, which gives s=sin x, the curve of sines. 


ин күйүт чө n ug DR ЖЕ! на мл үт UR ш 

иШ аА ТТ ҮҮТ үй Тү ийж түрү 
ша ШИ Юй ОН LII 
8-4-----------44285- 
20111: 12012229 Е е И И 
cen око EIN I LI. 
hak Mabie 0 7: Чъй ГГ 
oof EET a eet 
a a 7 
ГЫ а M р 
“1-28 ЖА ШЕ ВШ 
IENER?T T" Blok ОР aiao bal o 
241121 2 DE а ЗЫ 
Dickow ҮРҮ 
ot eer iat a Es ИНЖ 
ЕТ ТУРУ UT 
UM ү А ЛЧБШ ЭМ || 
o? 10? 20? 30? x ry 60° 70° 80° 90? X 


It wil be seen that for the first 15° the difference of the 
ordinates is so small that there is no appreciable difference 
between ordinates in the drawings, in fact for е=0, 
s='26180; for e—1, 8= 26106; and for e—1, s— 25882, for 
x=15°, which only gives а difference of ordinate of 0030 
between the greatest and least, and the curve = (х) lies 
between these extremes. There is much more rapid deviation 


of а= E(x, sin z) from the curve s— sin x after ХЭТ 
575. Arc measured from the End of the Мајов Axis. 
FAGNANO’S THEOREM. 


Another method of proceeding gives the length of the arc 
AQ measured from the end of the major axis, and incidentally 
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a comparison of the two methods establishes а remarkable 
result with regard to the difference of two ares, one 
measured from A, the other from В. This theorem is 
known as Fagnano’s theorem, being discovered by Giulio, 
Count de Fagnano (1682-1760).* It shows that two arcs 
of an ellipse can be found in an infinite number of ways, 
whose difference can be expressed by a certain straight line, 
and really establishes in a particular case the addition formula 
for elliptic integrals of the second kind. 


Take the central tangential polar equation 
p? = a? cos? Ду -- D? sin? y, 
үе being the angle between the perpendicular upon the 
tangent and the major axis; we have 
48 Фр 
ap Раџа 
à " d 
i.e. ган dy. 
Let Q be the point of contact, whose coordinates are 
obviously by comparison of the equation, сов y» +y sin Y = р, 


with the equation E +99 = 1, 


pc 
a? cos y» b? sin y» 
ig hp "аав cou 
p P 


Also A —QY, the negative sign occurring, because in 


this сазе Y is on the *forward drawn" tangent from 0, 
and р is diminishing as ух is increasing. 


* Cajori, History of Mathematics, p. 241. 
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Also 
КРИ РИИ Акт АЖЕ ce 
IL d — [vas cos? Y +b? sin? Yy dy = л — е sin? Y dy, 


which is the same integral as obtained in Art. 567 for the 
arc ВР, | being in that case a different angle, viz. the 
coniplement of the eccentric angle of P. 

Hence, if these angles be taken the same in magnitude, 


ф 
are 40 + tangent и ај — e? sin? 
Q gent Q „м1 е? зїп? y» dy, 


is 
and arc BP = af „Л —e? sin? ydy. 
0 
Thus, arc BP —arc AQ — tangent QY. 
This is Fagnano's result. 
576. Algebraic Relation between the Abscissae of P and Q. 


Now оу ЕЗ (42-02) вш yr cos уу _ ад ate? SES dr o0 


dy p 
Also the coordinates of Q being 
a? р", Ч 
ж=— coy, 0, = — Sin yr, 
2» у, Ye p E 


and those of P being 
z,—asinwy, y,=bcosy, 
we have ОТ сед, a’ (or е? pi — 
a? 
Hence ате BP—arc 40-95 2,25, (or e? рз у) 
This result is symmetrical as regards тү, z,, and therefore 
2 
arc BQ—are AP=— zd 
as is, of course, immediately obvious otherwise. 
2 
Also © ар, = tangent PY’, if OY’ be the perpendicular on 
the tangent at P from О. Hence QY — РҮ". 
4 2 
Again, (a2?—2,?)(a?— x?) = (a? —a?sin? y) (а=) 
4 2 
= ыал Уу sin? y, -(1--62)2 2247, 


^. ez 52,2 — аа (а?) а = 0. 
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577. The corresponding relation between y, and y, is 
а?е?у, y E b*(y,*--y,*) — 5% —0, 
that is ey Py — bly + Yo?) + — 0, 
i4 
where 2 + a 1, 
€ being the “1шарїпагу” eccentricity. 
578. THE FAGNANO PoiNTS. 


It will be noticed also that 
2127, ПУ 
QUU 
Hence, at the point Р on the arc AB at which P and Q 
coincide when ф is suitably chosen, 
2 2 


RIP s 
у ай TB 1 


€ 


gi 
an p VIT a 
and the coordinates of the point are therefore 


т a+b’ y Мать’ 


and this is called the “ Fagnano Point,” * for the first quadrant. 
579. Properties. 
At this point F, 
er? 0-4 a 


аге BF—are АР = —— = —,—. ——=а—Ь 
а а a+b 
ч —the difference of the semiaxes. 
And the length of the projection of the radius vector ОД on 
the tangent at F is also —a— b. 


580. The expression for QY, viz. ue UE AUT may 
be written as 
a? —b? а? —b? 


Ма? совес y +b? sect" T3 (a-4-b* 4- (a cot Yy — b tan у)?” 
and therefore QY attains its maximum when tan y = 3 viz. 


a—b. The Fagnano point is therefore the point for which 
QY has a maximum value. QY varies continuously from 
zero to a—b in travelling from В or A to F. 


* Greenhill’s Elliptic Functions, р. 178 onward. 
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581. If we seek for a point Q upon the quadrantal arc AB 
of an ellipse such that QY, the projection of OQ upon the 
tangent at ©, is of given length 1, where 0</<a—b, there 
will be two solutions, viz. the points P and Q, whose positions 


are given by the equations 
2 


72=124-р? and GU арын, 
5 р? 


т being the radius vector to either of ће required points, viz. 
OP or Од. 


Eliminating p we have 
(r* — а? — b?) (r? — 12) --a?b? = 0, 


1*— (a? 4-5? --02)7? +2 (а?- 5?) а?6? = 0, ............ (1) 
with roots 7,2, 7,2, such that 
2-4-7; = аЗ HP, а... (2) 


and equal roots when #=@—Ь апа r?=a?—ab+0?. 
If we differentiate equation (2), 
т, dr, 4-7, dr,=ldl.* 
If we call BP, s,, and BQ, s,, and remember that 
dr 


dis — projection of radius vector on the tangent, 
viz. l in both cases, 
ds, +ds, = dl, 
i.e. уреа АНИ (8) 


where C is а constant. 

Taking the case when 7,-00, that is P at B, we have 
r?-a?--?, and therefore т, must =a and 1-0, for т, фа, 
so that Q is at A; then s, —0, s,—arc 4В,1--0 simultaneously ; 

г. C=arc АВ; 
*. are ВР-ате ВО =1--ате BA, ie. эте BP — ате 40-41, 
* Зее Bertrand, Calc. Intég., р. 380. 


www.rcin.org.pl 


586 CHAPTER XVII. 


which is Fagnano's result, and the points P, Q, in which 
the are АР must be divided to give a definite value / for QY, 
are determined by equation (1). 


EXAMPLES. 


1. Show that if coaxial ellipses be drawn with a given centre such that 
the areas enclosed between them and their respective director circles is 
constant, the locus of the Fagnano points is a circle of the same area. 


2. Show that the locus of the Fagnano points for similar and similarly 
situated concentric ellipses is a pair of straight lines. 


3. Show that the locus of the Fagnano points which lie on confocal 
ellipses is (28 m. (xi „ру d, 
2c being the distance between the foci. 


4. Show that if F be the Fagnano point on an ellipse of semiaxes 
0A —a, ОВ=, 
2are BF—aE,-4-a-— b, 
Загс AF —aE,—a-4- b, 


where Æ, is the complete elliptic integral of the second kind 
т 
[ V1 – e'sin? ф аф. 


5. Show that the central perpendicular upon the tangent at а Fagnano 
point is a geometric mean between the semiaxes, and equal to the semi- 
diameter conjugate to the radius to the Fagnano point. Further, that 
the radius of curvature at this point is also equal to the perpendicular, and 
that the normals at the corresponding point on the evolute pass through 
the centre. Finally, that the arc of the evolute is at such a point 
divided in the ratio 5.43. 


6. Show that if a straight год LX of length a+b slides with its ends 
on two axes Ox, Oy at right angles and carries a point F whose distance 
from L and М are respectively a and b, which thus describes an ellipse, 
then at the instant when LM is tangential to the path of F, F isa 
Fagnano point on the described ellipse, and the circle on LAM for 
diameter passes through the point on the normal at F where that normal 
touches the evolute. 


7. Show that the tangents at the points P(z,, и), © (хо, 22) on an 
2123 Mya 
ад , 
intersect on a confocal hyperbola which passes through the Fagnano 
points. 

[Many properties of these points will be found in Greenhill’s Elliptic 
Functions, pages 182, 183.] . 


2 > 
ellipse 0-1, which аге related to each other so that 
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582, Properties of the Locus traced by а Pointer which pulls 
taut an Inextensible String passing round a given Oval. 
Taking the case of any oval curve, let А be the point from 
which s is measured; PQ, P'Q' the tangents at contiguous 
Q 42 


Fig. 134. 


points (s, y») (8--08, yy d-0y) of the oval; and let a length 

РО--Е be measured upon the forward drawn tangent at Р, 

РО =t+6ét upon the tangent at Р. Let the tangent to the 

loeus of Q make an angle $ with the tangent at P to the oval. 

Draw QN perpendicular to P'Q', and let the are QQ = óc. 
Then, to the first order, 


QN —tóy , ӨЛ = дс cos 9, 


and t+6t+és=t cos А/М’ 
=#--00 cos ф; 
21:04 889008 di ба. У... ло (1) 


If QR, Q'R' of lengths Г, t'--ót' be the other tangents from 
Q, Q' which can be drawn to the oval, and s’, s'--ós' be the 
ares APR, APR’ respectively, and if ф“ be the angle which QR 
makes with the tangent QQ’ to the Q-locus and б\у’ the 
difference of the angles of contingence at E, Е’, we have in 
the same way, Q'N' being the perpendicular upon QR, 

Q'N'—t'0yy/, QN'— бо cos ф, 
t’+ds’= до cos:Q +t + dt’, 
to the first order ; 
г. Ob’ —68' = — COB ба. E (2) 
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If the Q-locus be such that the tangent at Q always 
bisects the exterior angle between the tangents from Q to 
the oval, 

ф=ф and QN-—Q'N'-ócsin ф to the first order. 

Therefore 6t+6ds+6t’—ds’=0, | 
and іду буу” 

These equations give 

1d 14“ p p 


= {? 


артар 


4 41051 4105г р р 
i.e. i» + ретина (3) 
and also t+t’-+-s—s’ —constant. ............... coors (4) 


Equation (4) expresses that in such case 
QP --QR — are PR — constant, 
4.6. QP --QR --arc PAR= constant. 


In this case the Q-locus is an oval traced by а pencil at Q 
which draws taut a loop of string placed round te original 
oval. 


583. Dr. GRAvES's THEOREM. 

The case when the original oval is an ellipse and the 
Q-locus is a confocal, when the necessary property holds, 
viz. that the tangent to the Q-locus bisects the exterior angle 
between QP, QR, gives the well-known theorem due to Dr. 
Graves, viz. 

If two-tangents be drawn to an ellipse from any point of 
a confocal ellipse, the excess of the sum of these two tangents 
over the intercepted arc is constant.* 

Incidentally, we have a method of drawing an ellipse 
confocal to a given one. 


584. If the Q-locus be such that its tangent bisects the 
interior angle between the tangents QP, QR, as it would 
do in the сазе of an ellipse and a confocal hyperbola, and 
if we measure s and s’ in opposite directions from the 


* Salmon's Conic Sections, p. 357 ; Graves’s Translation of Chasles's Memoirs. 
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point А, where the Q-locus meets the oval, we have, in the 
same way, 
QN—óc sing=tdy, | QN'—óc sin фа“, 
№ = дс cos $ , N'Q'— óc cos ф: 
ane етта елес, |ю the first order ; 
(7--08/4-фот cos Q'—t' -- ot, 
and when ф--ф, we have dt—dt'—ds—ds', and tdy=ť ауе, 


so that E m -5-5, 

and also t—s=t’—s’-+const. ; 

also, as t, t, s, $ all vanish at A, 
t—s—t'—s', 

ie. tangent ӨР —arc AP= tangent QR —arc AR. 


Fig. 135. 


MacCurLAGn's THEOREM. 

For the ease of the ellipse and the confocal hyperbola, 
where the condition ф--ф is necessarily satisfied, we have 
the following result. 

If tangents QP, QR be drawn from a point Q on a hyperbola 
to a confocal ellipse cutting the hyperbola at А, the difference 
of the tangents is equal to the difference of the ares AP, AR. 
This theorem is due to MacCullagh.* 


* Salmon's Conic Sections, p. 358 ; Chasles, Comptes Rendus, Tom. xvii. 
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585. Deductions. 

If we draw tangents to the ellipse at the extremities of 
the axes, the particular confocal to the ellipse which passes 
through the corners of the rectangle formed cuts the ellipse 
in the Fagnano points, and if Q be the intersection of tangents 


Fig. 136. 


at А and B, and F the point in the first quadrant where the 
confocals eut, MacCullagh’s theorem gives 
QB—QA — arc ЕВ--ахс FA, 
d if the semiaxes be a and b, we have 
arc FB—are FA=a—, 

which is Fagnano’s result. 

586. From the theorem of Dr. Graves it appears that if 
Q,» Q, be апу two points on the confocal and Q,P,, Q,R,; 


Fig. 137. 


Q.P,, QR, are the corresponding pairs of tangents to the 
original ellipse, 


Q, P. -Q,E, —arc P,R,— Q,P, +R —arc P,R, ; 


www.rcin.org.pl 


THEOREMS ОР GRAVES AND MACCULLAGH. 591 


and therefore that the difference of the ares P,R,, Р.Е, is 
(Q,P 1 +@,Ё,)—(©„Р ot QR) 


and is therefore rectifiable in terms of known lines. 
The particular value of the constant to which 


QP--QR—arc PR 


is equal may be found by taking Q at a specified point on the 
confocal, e.g. where it cuts the conjugate axis. 
And a similar result follows also from MacCullagh’s theorem. 


587. Exactly in the same way, if Q be a point on the ellipse 
and QP, QP’ be tangents to the same branch of the hyperbola, 
it will be clear that 

QP— arc AP=QP’— arc AP’, 


for the tangent at Q still satisfies the requisite condition, namely 
that the internal bisector of the angle PQP’ is a tangent 


Fig. 138. 


to the ellipse. And the difference of the ares AP, AP’ is 
therefore expressible as the difference cf two straight lines 
and is rectifiable. Moreover, if 0, be another point on the 
ellipse, such that tangents Q,P,, 0,Р, can be drawn to the 
same branch of the confocal hyperbola, the difference of 
the ares PP,, P'P, is rectifiable In order that the point Q 
should be such that tangents can be drawn to the same 
branch of the hyperbola, such point must obviously lie in 
one of the regions between the asymptotes in which the 
hyperbola lies. In the limiting case in which QP is an 
asymptote, the difference of the infinite portion of the 
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asymptote ОР and the infinite атс АР is finite and equal 
to the difference of QP' and the are AP', Q being now 
at the point of intersection of the asymptote with the 
ellipse. 


а? y 
588. Rectification of the hyperbola zi poe 
Let C Бе the centre, CA the semimajor axis, s the length of 
an arc AP measured from A in the first quadrant, CY the 
perpendieular p upon the tangent at P. 


4 


Fig. 139. 


Then p—z cos y» +y sin y» touches the curve if 
p?—a? cos? у; —D? sin? Jy —a?(1—6? sin? y). 

In the case of the hyperbola, when P lies in the first 
quadrant, J^ is the angle zCY and is negative, and as s 
increases from 0 to oo whilst P travels along the arc from 4, 
Y travels from А towards C along the first positive pedal 
curve 72--02 cos? Ө —b? sin? Ө, which becomes a Lemniscate of 
Bernoulli when b=a, фе. when the hyperbola is rectangular. 
The angle y» therefore remains negative, and as its actual 
magnitude is increasing v» is algebraically decreasing and 
an increment dy is negative. When P has travelled to 
o» along this branch of the curve the limiting position 
of ҮР is an asymptote. The tangents at the node of the 
pedal are therefore the perpendiculars to the asymptotes of 
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the hyperbola, coinciding with them in the case of the 
rectangular hyperbola and its pedal 72--02 сов 20. 

Let us find the length of the arc AP from A to а point Р 
for which yy — —x. 
ds — 
dy P 


therefore, integrating, 


We have +12, апа ми 


dy, 


V 
геј р dy. 
о » 


Now =E is the projection of the radius vector OP upon 


the tangent =PY, and is positive. 
--ав sin \/ соз ys ае? sin x cos х 
J/l—eéesin*y Лева?" 


y К EE S esos 
and | раци | м1 —е? smy ду ај м1—ез «dx; 
0 0 0 


2, РҮ-- 


X 
'" are АР-РҮ-а| /1—е? sin? x dx, 
о 


: ае? sin x cos x Ї VES ST 
бе. жес д Sie —ei aint 
visemes Jut ten koe 
X 
oF PY—are AP=al Vie sint аҳ. (D) 
0 


This integral is not of the Legendrian form at present, e being 
essentially greater than unity. 
If P be allowed to travel to со, x ultimately becomes 


E M. amm ab 
tan `$ (2 5 tan =). 


Hence the excess of the infinite asymptote Co over the 
infinite are Ao is 


ма 
Я; „Л —e? sin? х dx. 
0 
It is easy to reduce the integral in equation (1) to two 


integrals of Legendre's standard form. 
Let e sin x —sin w. 
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Then е cos x dx —cos w dw, and 
X 
Їл —е sin? x ах 
АЙ. | о со о dw 
it 


(4-1) 40 ту " 
ul Аи -A sin? w n 
= еї \п— зш | 
1— sin? 
0 


=е (—cos? Jmm „Јуни a sin? w do). 


ov 1 —sin? a sin? 


2 
where cot a, ie. её“ Эс —cosec? а, 
and a is the complement of = half angle between the 
asymptotes. 
Hence, 


Arc A P—PY +ae[cos* а F(w, sin a) —E(w, sin a)], 


F and E being the Legendrian standard integrals of the first 
and second species, whose values are tabulated for particular 


values of the modulus sina, e being sin-i ( rt X) in the 
sin a 

upper limit and PY, written in terms of w, being 

„а {ап v A/1 —sin? a sin? о = ae tan w A (моа. 5), 

sin a е 
where A= 4! Xm sin?w, 

е 

i.e. Ате=ае {вал wA + cos? a F(w, sin a)—E(w, sin а)}. ...... (2) 


589. In a rectangular hyperbola а=, e—4/2, and we have 


Але--а tan o T— “108644 (o, E B(w, 5) 
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EXAMPLES. 


2 


2 ШУТ 
1. In the hyperbola 2-3 =1, put a=b {ап а, A—/1 —sin?a вїп?ф, and 


02 
show that we may take z—b {ап а sec $ Д, y =b соза tan ¢, and that 
ds  bcosa b 
аф Acos*$' t= соз 2^ өп 


апа в= б seca tan ФА +b cos a F(¢, sin а) — b sec a ЁС, sin а). 
2. From the polar equation 7? =а?зес 20 deduce the rectification of the 
rectangular hyperbola, viz. 
s=an2[A tan w+4F- £]. 
3. If PQ be a chord of one branch of a hyperbola, touching a confocal 
ellipse at F, and the confocal cutting that branch of the hyperbola at 4 
and В, and if РЁ, QS be the other tangents from P and Q to the ellipse, 


show that the elliptic ares AR, BS exceed the elliptic are АРВ by the 
excess of the tangents PR, QS over the chord PQ, i.e. that 


атс AR+are BS—are AFB 


is rectifiable in terms of known lines. 
In particular, examine what happens : 


(1) When F is the vertex of the confocal ellipse. 
(2) When F is at B. 


(3) When РЁ and QS are at right angles to РО and F the vertex 
of the ellipse. 


590. Another Method of Treatment for the Central Conics. 
Use of Hyperbolic Functions. 

In the case of the central conies it is instructive to consider 
another mode of treatment of the rectification. 


The relation £--:J—c sin (и) 
gives z—csinucoshv, y=ccosusinh v 


Then v=const. is the equation to the ellipse 


-- 


cicosh?vo | c?sinh?e `? 

and u=const. is the equation to the hyperbola 
cPsin?u c?cos?u " 

and different constant values of v and и give confocal ellipses 

and hyperbolae. 
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Моу e cos и cosh v du 4-sin и sinh v do, 
dy à А 
= —віп и sinh v du-|-cos и cosh v dv. 
Hence 
ав (cos? u cosh? o--sin? u sinh? v) (du?+dv*) 
== ((1 —sin? и) cosh? v-+sin? и (cosh? » —1)) (du?-I-dv?) 
—(cosh? v —sin? u) (du? 1%). 


Hence, for any of the family of the ellipses v—const., 
25 — cosh? v- sinu du ( =const.); 
and for any of the family of hyperbolae u=const., 
(8 /cosh? y—sin dv (u=const.). 


591. In the case of the ellipse  z?/a?--y?/b?—1, 
a=ccoshv, b=csinhv, c?=a?—b?=a*e?, 
where е is the eccentricity, and .’. e—sech v. 


And ds—a4/1 —е? sin? и du, 


ат ы 1--6 sin? и du—aE (и, е). 
0 


In the case of the hyperbola 22/02--/2/22--1, 
a=csinu, b=ccosu, and c*=a?+b?=a%e?, e=cosecu. 
With the notation of Art. 589, in which 


V-—-—x siny=sin usin о, 
we have 


соз x=V1 -sin?wsin?™=A and t=PY=ctanwA. 
The line æ соз y-+y sin y = р is tangential, provided that 
p! = a?cos? y — b?sin?y 
=c’sin?u A? — c?cos?u sin?u 81020) = c?sin?u cos? о ; 


4. р= свіп U COS w. 
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The point of contact P is given by 
. G?cos уу 


=csinuAsecw, y=— TSO Y — ocostu tan a, 
and, as these are to Бе csin и, cosh v, ccos v sinh v, we have 
cosh v = А ѕес о, sinhv=cos u tan w. 
It follows that cosh v dv = соз u вес? dw, 
dy = 998 и doo 


Л созо | 


4.6. 


Again, 
A cosh?v — 8112 = 4/ A? вес? w — Rita = COS м, SEC w. 


Hence 2 = |Vcosh?v — sin?w dv 
2 
= соз? = 2 do 


= Д {ап w+cossuF— Е (mod. sin «) 
by Legendre’s fourth formula, р. 899, 


Ч Arc—PY +ae(1 —5) Fw sin u)—aeE(w, sin и), 


the same result as before. 


592. The Lemniscate. 


The equation is т? = а? cos 20; 
we have at once ДАУ... —tan 20: 
т 40 
48 а 
whence dp! фати Ст 
Ї 40 
=Q] -= . 
ол/сов 20 
2 Ж) sin ф cos фаф 
Put сов 20=cos?¢; .. 40: а еј 
з=" sin ф cos ф d$ RET аф 
ocos ф /1—cos*? а ф 
а [$ 4ф а 1 
те === — Е Е "iw D 
яр; ki /2 (+ /2 
ог =% am-! ф. 
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Hence am wA 
а 
а 
Hence ран en- mod. —= 
/2 ul 7 


Here в is measured from the vertex. 
We might have expressed 0 from the beginning in terms 


of r, and then 1 an 
x RU oF 
10 _ 7 
ф ухаж 
бо мм геј dr . 
gie er Mb ad Жү уе}, 


then putting r—a cos $ the work proceeds as before. 
For the whole length of the are, we have 
4a (3 dọ ^ 1 
z, Ji-isug- ah "ay /2` 
The tables for F, (Bertrand, С.Г. р. 716) give Р, = 185407, 
whence whole are = 2a4/2 x 1:85407 =a x 5/2441. 
We might, however, proceed as follows: 
„22429180 
= Јо "cos 20' 
Putting 20--е, we have 


. в=®а|` (cos ю)73 TE AL T) 4 
0 


2Г(4) 
It will be shown later (Art. а that 
Ги) Г(1—)= = ОЕ) 
where n is less than unity. Borrowing this theorem for 
resent pu es, Г 
prosent PPP. греет; 
sin = 
4 
S, js o, [Гат а 
2, Perimeter—2a —5— — СЕ: = Jaz (=, say. 
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The values of the Г functions are calculated. Tables of 
these values are given in Bertrand’s Calcul Iniégral, pages 
285, 286, to seven places of decimals from Log Г(1) to 
Гос Г(2). As the values of T(x) from Г(1) to T(2) are 
all fractional, 10 is added to their ordinary logarithms for 
convenience of tabulation, as is usual in tables of logarithms 
of sines and cosines. (See Chambers's Mathematical Tables.) 

Now L()-—1I(b 
and LI(1-—LI(i-log 4, 
where Г, denotes the tabular logarithm, 

= 9:9573211 from the tables of L Г(2). 


+ 6020600 


10:5593811 
2105 Г(1)-- 1:1187622 
1ор/дт-== 3990899 


log k= "7196723 
log 5:2441— 7196710 


log2  —:3010300 
loge  —:4971499 


Іор 2т = 7981799 
log А/2т---73990899 


18 
Difference for 1-- 8 
50 
50 
Hence £—5:2441106. 
Hence the whole perimeter of 7?=a? cos 20 is, as before, 
5:244116 x a. 
593. Incidentally, 16 may be remarked that the equation 


8^/2 
т=а cn — 
a 
Р 
RA 
Fig. 140. 


for а lemniscate gives a very good idea of the graph of the 


functions сп and cn^! for the case mod. = and we can readily ` 
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draw а graph, taking, for instance, as unit length 55 оп 


the z-axis, and any convenient unit on the y-axis, say а, and 
constructing the curve with abscissa s and ordinate r. 


Fig. 141. 


The ordinate shows the march of the function епа, the 
abscissa the march of en^!z. 


EXAMPLES. 
1. Find the length of the arc of a lemniscate 72--02сов20 from 
т 
Неге 


268 47 До ӨВ бш. ae PAESE EY WW. 
-5 amy and k Jg cos? ф сов = 3, ф 1 


and from the tables for ЧС 55) (Bertrand, Calcul Intégral, p. 716.) 


Ёл = #зіп?ф 
л s=aN2 х 41801 
—'5841a. 


2. Find the area of the curve y = pA for the portion in the first 


quadrant. What connection is there between this problem and the 
evaluation of the perimeter of the lemniscate ? 


3. Draw a careful polar graph of the lemniscate 72--25 cos 20, taking 
one inch as unit of length, and deduce a Cartesian graph of 
„Ја 1 
у=беп—к— (moa. X) 
4. Show that the difference between the lengths of the asymptote and 
the infinite arc of the hyperbola 22/02 — у?/62--1 in the first quadrant is 
а CME EPE .1..4.23.332::1.13:23:5Х,1 | 


8-35"4185:6741:4:2185.28.661748.48.6.8 at 
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594. The Limacon r=a-+b cos Ө. 


T 


Here = —bsin@ and (48) =at +2ab cos 6 --b? ; 
9 
s=f va +2ab cos 0 +b? 49 


=] Хауа sin? 8 dð (Let 0—29.) 


$ 
=2(a +b)) 1-- sin? ф аф, where k= E ; 


=2(a+b) Е(ф, ње | 


An obvious modification will be necessary if а and b be of 


opposite sign. 
This curve very well illustrates the march of the second 
elliptic integral E. The аге AP measured from the vertex 


P 


8-26 


Fig. 142. For the саве a>. 


is proportional to E, whilst ф is half the angle АОР. See 
also Art. 574. 

The result shows that the are AP of the limacon is equal 
to the are of an ellipse of semi-major axis 2(0--5) and 


eccentricity m measured from the end of the semi-minor 
a 

axis to а point on the ellipse for which the complement of 

the eccentric angle is 6 (compare Art. 573). Тһе semiaxes of 


the ellipse in question are then 2(a+b) and 2(a— D). 
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This would also be evident upon writing 


ө 
(ааа cos 0 --b? 49 
Abassi ОЕТ ҮЧҮНӨН 
аз үү (а 4-6)? cos? s --(a— b)? sin? 5 40 


чат. с “илэг 
-[ " хуваа cos? $--(2a—b) sin? ф dø, where 0=94. 


595. Ex. Consider the case of the limagon i in which а_9+УЗ for the 
b 2-43 , 


portion from 8 —0 to 9-3 


a+b _ 2 4ab 7 1 
a-b 3” «эй hid OY ae 2 


жүгү, —tsin?¢ddd 


=8а(2 —^/З) x 51788, from the tables for E(¢, 4), 
—1:11012 x a. 


Here 


The limaçon is of course the focal inverse of а conic, and when a=% 
the cardioide is the inverse of a parabola. 


596. Trochoidal Curves. (See Diff. Cale., p. 344.) 

lf a be the radius of the fixed circle, b that of the rolling 
circle and the carried point P be at a distance mb from the 
centre of the rolling circle, 


«—(a +b) cos 0—mb cos 21-31 


5 
— (a 4-5) sin 0 —mb sin ын 0. 
, ах а нар 
Hence 10 (a+) sin 0 --m(a--b) sin —— 
" (a+b) cos 0— (а +b) cos —— ч 0: 


88) (a+b) (L-+m?)—2m(a +b)? cos © 
2 2 2 d 
=(a+b)2(1-+-m) d dis соз E 


ад т 
Leb „09131 
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25 X уа 2,/m 
Then s= = (a+b)(1 +m) Їл — k? sin? х dx, where bes 


2b 
= 050 +m) E (x, k), 
where s is measured from the point at which х=0, фе. ө", 


ге. from a vertex И, as in the case of the epicycloid (Art. 540). 


Fig. 143. 


Hence again we can find the length of any desired portion 
by means of the tables for Legendre's elliptie integrals of the 
second form; or, which comes to the same thing, such length 
can be expressed as being equal to the corresponding arc of an 
ellipse, measured from the end of the minor axis, the semi- 


major axis being 2 (a--5b)(l--m), the eccentricity being 
Im , and x being the complement of the eccentric angle 
at the end of the elliptic arc. 
For a circle, when m=0, 
га х-(449(0-7?) const. 


For the epicycloid, when m=1. 
4b ^ - 4b a0 
s=; (a+6)sin x= (9+0) сов gp + const. 


which agrees with the result of Art. 540. 
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We might use this curve, like the ellipse and the limaçon, 
to construct а graph showing the march of 


Xx 
(св sin? x dx 


от. 


for any modulus к= 


597. The Cassinian Oval. 
The bipolar equation of this curve is r,r,=b%. (See Dif. 
Calc., Art. 458.) 


Fig. 144. 


If S,, S, be the foci, S,S,—2a, and if the line of foci be 
taken as z-axis and its centre O as origin, the equivalent 


polar equation is 
r*— 2a?r? cos 20 --a*—b*. 


Three cases arise : 
(1) a>b, two separate twin ovals with vertices distant 


A Ja?+b?, Ja?—b? from 0. 
(2) a=b, reducing to Bernoulli’s lemniscate. 


(3) a<b, one single oval lying outside the lemniscate, 
which may or may not possess inflexions. 


The equation may be written 
а, 
72 —— = 2a? cos 20. 
Take an auxiliary angle 0' such that 


4 44 
а? Эр —2D? cos 26’. 
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Then 12--02 cos 20--6? cos 20“, 


pnr cos 20 —b? cos 26’ ; 
*, a*—b*—a* cos? 20—b* соз? 20', 
or a‘ sin? 20—b* sin? 26’, 
ae. the auxiliary angle 6’ is such that 
a? sin 20=6? sin 20“. 
Differentiating the original equation, we have 


т40 — r*—a*cos20 
dr а вш 20 ’ 


Ү ЕЗ. TENE or 1 . 

'" Mr/ ~ a* sin? 20 sin? 20”? 

b? | Vau) dr | vērt dr 
А 


aa ^ sin 20 " sin 20^ 
1 ав b маъ dr "RE. ЗӨ dr 
2M Ш. T /1— u? b r АЛ —v i 


where u=cos 20, v=cos 20“. 
We shall adopt the first or the second forms according as 


ais > or < than b. 


4. ht 2 
Let ane, (a+b); =соз 2а, where D sin да; 
[ia 2 
“шингэж (a+b); =cos28, where 8 28. 


^ _ r*-Fa*—b* 
In the case a +6, ш==соз 20: —, ад» 


pl 
во а^ 7220; 
үл Түх S2 53, 
а Т 
LAS A u—X; 
e. t d 


B дай (/44:34-/4::3), 


a ( du du 
аа) 
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Е. 
"pt sal. acere 22230251 


УА E pino Ч» cos pe iin : , sin 4)| 


1 


r4 i ai 


In the case а»б, о= соѕ 20 а, 


р? 
p i а=, 


4 


and the work proceeds precisely as before, interchanging 
a and b, и and v, Ө and Ө, A and u, a and В, on the right- 


hand side of the values of т : 


3 а 8-42| sn- (25 ; cos B) m (826, e 


where 0”--1 sin-}(sin 28 sin 20) and sin 28—2 8 Х 


The arc is in both cases measured from the vertex, where 
т=„/а? 4-2. 
598. In the case of the Lemniscate, 
a=b, 1*—2a? cos 20 —c? cos 20, say ; 
then 0 — 0°, and either case gives 


8—5. 2 sn-i (V віп Ө, =) 


=а cn} (V 1 -2sin?0, 09-25 = бп”! (Veos 26, =) 
=“ en е =), as in Art. 592. 
V2 в” 2 
599. It is a very instructive process to perform the same rectification 
first expressing 0 in terms of r. We have 


| "ав Бо 
sin? 20— 1- (па) 


(7 +a? 9) ( — r3 a2 63) (02 — a +02) (02+-а? - 02) [4ай 
—[(a*-- 2)? —4][г5— (a? Буда, 
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а3-42 


Let r=vVa?+0bu and № TTP 
the positive value to be taken. 
sin 20 — (a? 4- b?) /(1 — u*)(u* — A*)/2a*u*, 
dr — Ма? + BH du ; 
42 2? udu - 
Aat +b? Ju A (1— ut)(ut— A4) 
(1 - ut) ие №9 [а — 08) (ut Хуја чай) 
+ - (ut NYE муви кој 
-0 + А?) ut 4 (ut + л)? 
=(1+ А) 04(1 – 2°), 


4 2 
where мам —(1-4-A9)v. 


and 


Again, 


This transformation gives 
A: 
м2 +—,=(1+A*)v; 
v 
, ч + —A/(14-À2)v 4-2À, 


u -à- +A?)v—2A, 


Qu=V(1+A*)v+2A +V(1+A2)v- 2A, 


СЕИ ИПРОГ. ar 
o> ИЕ рир: и Е М 
| тд No- a 


лээ 


2p [1 1 
2% ата | aron 4 


1 1 
We Neg 
1+A? T+ 


к b? 
e JANITA 
d 


BL Ber (ас 
уы л, ЖА \ Тоту” JA үй 
v ya (отд) ` ya T 225) 
Now an integral of form 7— | ТЕ. Aib can be converted at 
o N(1— v*)(v- c) 
once into the standard Legendrian form as follows (Art. 388, 4) : 
Put v+c=(1+c) cos? $. 
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Then 
4 —2(1+c)sin ф cos ф d 
e VI(L- c) - (1+с) cos* фН(1 -с)--(1--с) сов2ф (1 + с) cos* ф 
ati UE 
ен мМ – Эхэн 


јан [түш ТЭР 


and as in our case с= om it is numerically less than unity and 


ЖА, is positive and less than unity ; 


2 


4 


, феаш(1/8), mod. its, 


cos ф=сп(///9) and J= MS 


Hence, finally, we have 


Де p id. [ЛМ АНА Ж ) 
Ма Mas «ЛА 14.94. эл ' 3 1+A? 


1--А3 
„ЗА 
14 14-À* 
"n TE Y "T2 
BE 
E CURE ү 
„а (а? + 02) + (а? ~ b?) 
л: -(== 1+A - Таг м 
ГРА Jo +28) 1-X TEM 
b2 
NZa +0) + (a? ~ 08) 


| ж. „Маси TX (77 dt EE -b J 
х | сп! , 
ЕЕ. a? ~ b? N (a? + b?) сат | 
the respective moduli being 
ма? $ + Уа? — Ба z Ма? +02 – Ма? ~ 02 = 
У A/(a* + 5*) + (а? ~ 53) „5 A/(a* 4- b3) + (а? ба) 
For the twin-loop curve a >b, 


q4 — DA же 
„У Ба , Nat bs l: 


r 


s= a (4: 4 +en7! 
—á ъан Í en 
2a Ма? -- b? + Ма? — b? ил 
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with respective moduli 
VEEP VaR 721: Сеа 


2а 2a 
For the single-loop curve a< b, 


мы a4 „М at 
Ь T+ А с=т 
маг -1 ———O ШТ | ) 
"AQ Утаа Чита 


Nb? +a? — М? — а? 
with respective moduli 


NET EN аа m – „а 
UCET GC We RET 7 


600. The expressions written iu this rectification are less simple than 
when written in terms of 0, as in Art. 597, but can readily be reduced 
In the case a, let sin ae 


233 then 7r*— да??? cos 20 4- а^ cos? 2a = 0. 
Also сов да = AJ -4 


_ Jat - аз 08 


sina 


2a 
121 Ма? + $® 4- A/ a3 — 0% й 
2a 
POM D 49“ cos За 
and en} A =cn — 
WANEER PEEK За cos a 


Ни. 
^/2 cos а 
= en-1N 098 да. сов 20 
„/9 cos a. 


2 
Al cos да. 7* + а cos? За, 
сеп! 


Similarly, 


Nm 
cal mm ави, СЕК (С 3 
Тариа | 
Hence a 5, 
b? „(ет (Што . 
804 [sn (225, соз a)+sn (= sin a) |, 
as before. 
Also for the case a< b, since 
4 
па = 2t cos 20’ (Art. 597), 


ВР - 2 1120”); 
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х (ri cos зр) =264(1 -2 8in*6’)+-20* cos 28 
= 467 (cos? В — sin*0^) ; 


ч a b* cos 2/3 
sin? е. 


ња сов 28 -ү1-255 I cos? В 


2 
172 +b? cos 28 — св (225 на 8) 


~ rb cos В cos В 
Similarly, n ва (29. віп 8) 


вїп 0” sin 0’ 


у тр (а, cos В)наагч(5 т sin 8), 


where 0' =} віп! (sin 23 sin 20), the result of Art. 597. 


601. Serret's Method of Rectification of a Cassinian. 

А different method of rectifieation of а Cassinian Oval 
is given by Serret* connecting two ares measured from 
different vertices of the curve, and expressing these arcs 
directly in terms of 0. 

In the twin-oval case a>}, let A and В be the vertices of 
one of the ovals, and let а radius vector OQP be drawn 


Fig. 145. 


cutting that oval in Q and P. Let the vertex A be the one 
furthest from the centre 0. Let ares AP, BQ be called 
8,, 8, respectively. Let b?=a?sin 2a. 


Then 14—942 cos 20-+.a4 = М. 
Solving, 7? = a? cos 20 + a? / cos? 20 —cos? За, 


the upper sign giving OP?, the lower 00°. 


* Calcul Intégral, p. 265. 
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ази, оа 

dra sin 20” 
dé, ч dun, pone р ши йа... 
т40  '"r'—a'cos20  ' а?,/сов? 20 —со8? За’ 

Y . ав _ а Мсоз 0+ 4/ сов? 20 — сов? 2а 
`40 а eos 0-со 2a = 

the positive sign ичнэ taken as s, increases with 0. 


Similarly 95-0 La Усов 20 — [cost 20 —сов? 24. 


Now, as before, 


and 


„/со& 20 —cos? да 
S 19% СЭР bt 2(cos 20 -- cos 2a) _ 1 
40 "40/ а? сов? 20 —сов? 2а =a cos 20 —cos да 
4 (са " СЭР bt 2(cos 20 — cos 2a) _ 2b* 1 
d dO 40/ а? cos?20—cos?2a а? cos 20-еов 2a' 
Hence 


в, S ceni d ели 
LIE мама cos2a _ UD 81020 


AB EE. аг Ж, Шш 
37” Усов 20 4- cos да — 94 & /,./сов2а--81120 


In these Y due put sinÓ—sinasin ф | respectively 


and sin Ө = eos a sin y» 
EE do 
Дан: эта o A/1 —sin?a віп2ф' 
x Г d$ 
UNT o /1—ecos?a sin? y’ 


4.6. ф=аш B (8, + 8), mod. sin a, 


\ = am 5B (8, —8„), mod. cos а; 


sin Ө sin i 
à Sina sn Plata); — EE sn 75 (81—83); 


12 " AM 
2. & +8 = — 80-1 ( — sin a) 
1+8 а віп а’ 2 
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4 2 
хэлэ аб, sina) ња (228, өвс) 


p? ‚ (sind . , (sin Ө 
8,— | 8072 ( ——, sin a) — sn- ‚ cosa) |, 
2а sina cos а 


the former of these being the result previously obtained. 
Reducing in the case of Bernoulli’s Lemniscate, we have 


а=» v? = 2a? cos 20, 
8, — à sn-14/2 sin Ө 


1 
=a ст! cos 20, mod. 76 : ‘ 


, as in Art. 598. 


=aen-! T 
=Q Q я 7 
602. The Single-loop Case. 
In the one-loop case a<b, the same method cannot be 
adopted, and M. Serret considers the arcs traversed by a pair 
of perpendicular radii vectores ОР, OQ, starting from the ends 


9.9 Р” 
Au s 


у Fig. 146. 


А, B of the two perpendicular axes. Let the ares AP, ВО 
be respectively s and c, and let a?=b? sin 28. Then, solving 
as before, 

т^ —2а2т? cos 20 {+ a* cos? 20 = a*(cos? 20 + cot? 28) 


and та = ад cos 20 +a? /cos? 20 + cot? 28, 
and the positive sign must now be taken. 
Also, as before, 
ds p ds _ b? Jcos 20-- [cost 28 + cot? 28 


rdð ~ pi—q? cos 20” ад а A cos? 20--со(228 
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Writing 0+5 for 6, 
до _ b? V —eos 20 +V cos? 20 + cot? 28. 
dó a Усов2 20 + cot? 28 
М ауы эх „/сов? 20 + cot? 28 + cot 28 
ад dé cos? 20 + cot? 28 к 
48 op 2b* Усов? 20 + со 2В —cot 28 
ад dé а? cos? 26 + cot? 28 
In each of these change the variable to 0“, where 


sin 20 nae and therefore cos 2040 = cos 207 49 


and 


вш28 | 
Теп 
4 dom à sin? 26’ _ eos? 20“ 
cos? 20 + cot? 28 — 1 + cot? 28 — 8598” sin? 28" 
Then 
( ds _ do )- 2b* cos 29’ + cos 28 cos? 20' 1 
do’ ' 49’/ а? сов 20! sin28 . віп? 20/ 
sin? 28 
_ 26“ cos 26’ +- cos 2B ii 
— а? sin? 28 —sin* 26’ sin 26 
ae sin 28 bt — sin 28 
= а? cos20'—cos208 а? sin®?B—sin?0”" 
Similarly 


Ё- йо) = 264 вш 28 bt 8ш28 
Ad8' d0' 7-2 еов90"еов28 а? cos?B—sin?0" 
ыг QU Vm NAM Mn 
s M „КОВ Васка 
И 49” 
S дй RYE Era 

In these integrals put respectively 

sinÓ'—sin/gsin$ and вїпӨ”=соз В sin y, 


2 
and remembering that sin 28 = ЇР 
84-0 —b E со Jo MS 


ugs. ae al 
s-e- „Л —cos? Вашу ' 
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à мачи sin 0 S9. 
y p b ' cosB ОРД 


84-o -bsn- (зад n sin 8); s—o=bsn- (25, соз 8) { 
whence 


гэд (в, Нов) em (5. eene] 


lfm) me) 


where =} sin-! (sin 28 sin 20). 
The first of fi was established in Art. 597. 


603. The Elastica or Lintearia. 

This curve is of considerable importance in various branches 
of Physics. It is (1) the form assumed by a uniform originally 
straight elastic rod bent into a bow by a bow-string, or by equal 
thrusts at its extremities, ùe. it may take the form ABC or 


B F 
— M ————————— 
A с р Е а 
Fig. 147. 


ABODE, etc., according as the string is tied at А and C, A and 
Е, ete. This is called an undulating elastica. When the bend- 
ing is slight, the form is approximately the curve of cosines 
(Е. J. Routh, Anal. Statics, vol. ii. p. 281, * Bending of Rods”). 

(2) It is the form assumed by a flexible thin rectangular 
sheet, two of whose opposite edges are fixed horizontally at 


Matta races 
ines cum 


Fig. 148. 


the same height, the flexible rectangular sheet forming the 
base of a rectangular box with vertical sides into which water 
is poured, the material being supposed impermeable for water 
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and the base fitting the sides so closely as to prevent appreci- 
able escape of water. From this property the second name 
arises (lintearius = made of linen). 

(3) The curve also occurs in the case of water drawn up 
by capillary action against a partially immersed vertical plate. 


22 


Fig. 149. 


The curve may assume various shapes according to the 
physical circumstances occurring. It may undulate, or there 
may be any number of complete convolutions forming loops and 
nodes. Such cases are exhibited in the accompanying figures. 


Fig. 150 
Fig. 151, 
Fig. 152. Fig. 153. 
Fig. 154. Fig. 155. 
Fig. 156. 
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604. Тре determination of the nature of this curve is due 
to James Bernoulli (1654-1705). 

For much detailed information as to the curve and its 
physieal properties, the student may consult W. H. Besant, 
Hydromechanics, pages 168-171, p. 194, p. 201, etc.; G. M. 
Minchin, Statics, vol. ii. p. 204; E. J. Routh, Analytical Statics, 
vol. 11. p. 283, ete., “Bending of Rods"; Sir А. G. Greenhill, 
Elliptic Functions, p. 87; and the article on Capillarity in the 
Encyclopaedia Britannica, by the late Sir J. Clerk-Max well. 


605. The stress couple at any point being > where p, is the 


radius of curvature and K a certain constant called the flexural 
rigidity, we have as the geometrical property of the curve, 


K 
ZE Ty, 
Ту 


where y is the ordinate from any point to the line of thrust 
and T the thrust, or string tension if the bow is bent as in the 
ordinary case by a bow-string. 

Hence the equation to be considered is ру —c?, c being a 
constant, and two cases arise accordingly as the curve is 


(1) undulating, (2) nodal. 


606. Rectification of the Bow. 
Taking the bow-string as z-axis, its mid-point O as origin, 
and a perpendicular through О as the y-axis, let у be the 


© 
Fig. 157. 


ordinate of any point Р, and let y be the acute angle the 
tangent makes with the tangent at the vertex V of the arc, 
and let are VP=s. Let-a when Р is at А, and let OV —2a 


Then py-d; 
T + 
. р . 
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4 tii Cdp d о д 
Differentiating, 28 dy =— du =+psiny (е = + aj) Я 
2 
EA з др — sin y» dy, 
2 
and integrating, a 2 (cos y» — cos a), 


for y» — a when y=0 and р= о, ќе. at A. 


V dy 
T С „/2 Јо /cos Ду —соз а 
“ЛД m ЧС 7 РИ 
T „ЈА ot eV 
È sin? 5—sin* > 
Let sin Ý =sin Z sin x; 


pin c inde а | 
: сов z d = 2 віп 5 cos x dx ; 


| | 
2. 8=с 

1 — sin? 2 sin? 
0 ү 2 5 


=cF (x, sin 8) 


and ` x=am E 
с 
а. АЩ? 
. Sin =віп 280: mod. sin 5. 
And the intrinsic equation of the curve is therefore 
sin Y a 
эз ws 5 ав 
8=с80 — Sn Т К (1) 
з10 5 


The student should note the analogous result in Kinetics 
in Art. 389, viz. the сазе of the oscillating motion of a simple 
eireular pendulum. For a comparison of the two results, see 
Greenhill, Elliptic Functions, p. 87. 
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The ordinate y is given by 


12555 КИНА V^ 
усо віп g Sin 


aille sii d „оа E 
—2c sin 5 cos x 2c sin с. cnz; 
2, y=2csin : en (5, sin 8), рати но. о (2) 
To find the abscissa 2, we have 
da E 4 
ds 008 Y; 
Y vds! ds 
LE 
da 1—2 віп? 5 sin? X 
and ——=608 Yy 45-—c n 
dx Уа 


4 1—sin? 5 вір? у 
and adding s › | 


4(2-н8) _ al per A pre 
“дү ГЭ l—sin g Sin^x ; 


X 
° . a . 
: ое |" | —sin? 5 sin?x dx, 


t.e. 2=96Е (х sin 8)-а, ZU pte en, КАТА, Кар, 
We thus have for the bow, or undulatory elastica, py —c?, 
sin у 
8—csgn^ , sin Sil; 
in 5 7 
T 
sin T 
€ — 2cE| вш! ‚ віп 2 |—s, 


у= де sin 2 en (5, sin 3l 
2 Ne 2 
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607. Rectification of the Elastica in the case when there are 
several Convolutions, viz. the Nodal Elastica. 

Taking the y-axis to pass through a vertex V as before and 
the line of terminal thrusts as the z-axis and y» the angle 


У 


Fig. 158. 
which the tangent at P has turned through in passing from 
206 
V to P, we have again d 


c? : 
28 dp=sin y dy, 
2 
and integrating 72 cos y» +a constant=2 cosy +4, say. We 


have not, however, in this case, as we had before, any point 
at which p is infinite. Let 2a be the ordinate of the vertex. 


c? 
Then at V, P=5,° 


3 2 
ди putting 75 А when yw=0, A- 2 : 
c? 44 
meld [Mi cosy) 


Uy pa E за 
-4(5 sin 5), 


= being > 1, as p cannot Бе © by supposition, and 
ds c 1 
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2 (+ 
=£ e or putting y —2x, 


as 
and х=аш =5. 


Hence the intrinsic equation is 


Ma OY, 
в= Ау. зөхөөөөөөөөөө vti 


Also у=° — = =2a4/1 —Ssint ¥ = 2aA(Y)=20 A (x) - 


y—2a dn а өө989988698999848:90094:894866449890446980988488000 (2) 
Again, ds — oO 
da 
du E SU P. dy: 


ах t? (1—2 вш*х) 
ах а 2 
x 1—Ssin*x 


((5-2) +2(1 ын E ш] | 


==—а 2 , 
М1 ех 


у. z-a(2- 5) | x “МЈ, A re © віш ах; 
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Hence, in the nodal case of py—c?, 


Y 


ии 
“сэш, 
- rg у c 
аа! 
y=2adn 5. 
Compare with this case the result and process of Art. 390 


for a revolving pendulum. 


608. In the case of an infinitely long rod, imagining the 
elastica to touch the line of thrust at со, we have 
p=% when цот, 


2 
and “у= 2(I +008 y)=4 cost У; 
A =g% and s=clogtan (£2) А 
8 being still measured from the vertex. 


У 


This species of elastica is called the Capillary curve (see 
Besant, Hydromechanics, p. 201), the shaded portion in 
Fig. 159 representing the water raised above the normal level 
by capillary action due to the presence of a partially immersed 
vertical plate PQRS. In this case р=5 at the vertex, апа 
с= а, the modulus of the elliptic functions occurring in the 
second case becoming unity. 
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609. Cotes' Spirals. 
These Spirals are defined by the pedal equation 
path (See Diff. Cale., Art. 454.) 

There are five varieties : 

(1) В--0, an Equiangular Spiral. 

(2) A —1, in which case В is essentially positive (as r > р); 
thé curve is the Reciprocal Spiral (Diff. Cale., 
Art. 452); and the other three are reducible to the 
polar forms 

%=азт 79, u=asinhn@ and w=acoshné. 
(1) The rectification of an equiangular spiral has been effected 
in Art. 449, Diff. Cale. 


(2) In the reciprocal spiral r=, we have 7= - , and 
А 1+, 
giving s-aP 800. (Let 0=tan g) 
=а со. sec? ф дра дарах 
i | d зїп ф 
7?) sin?9 (1 віш) 
1 1 1 1 Я 

Ti Were: 2 s —sin $1 sin 5) Јав $ 
= — а coset $ +5 ier yi 


„а EO үлд 139 а 
Ө 2 бе 
The remaining three are rectifiable by e aid of elliptic 
functions. For instance, take the first, viz. и=авш nð for 
the case n > 1. 


a (буна +240 (Art. 511); 


-| J/sin?n@ + n3cos?n 
А sin?n6 © 


40, 


2n 
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. т > . 
measuring s from the vertex at 0— 5—. (See figure of curve in 


Art. 387, Diff. Calc.) e 
Let пд=ф; 
грч ма тэх ана 5 
ЫСА те, сысы. - (n 1)sin Фар 
т sin’? 
$ 
14, вш ф dg, 


2 
where A=VJ1—x«’sin*¢ and c=” 
`~ a= | - Acot g| +] cot хан жин 


Qc pieces 9) д 


= -- Д cot otf) 
= —A cot ECL VA 


1 РЕА РДЕ E PE ЗИ | 
хааг? cot n OA sin?nO + n?cos?nO + 23 { F(n8, к)— F, ( з Э)! 


- (Еп, - E (5, 3) 


1 
where к?=—1— ab 


610. Bi-Polar Curves; Plane Elliptic Coordinates. 

Let S, H be fixed points, and let the distances of a moving 
point P from S and Н be т, and r, respectively. Let SH=2c; 
O the mid-point of SH, PN a perpendicular from P upon SH ; 
ON =x, NP=y; also let 7,--r,—2£, r,—7,—24. 

Then £ 5 may be called the elliptic coordinates of Р, for 
€=const. and 7=const. give families of confocal ellipses and 
hyperbolae. 

Let A be the area of the triangle SPH. 

Then 

16A?—(2c-E-m, т.) (—2e+17, +r) (2c— 7, 4-79) (20 7, з), 
е. 22-18-22 (0-0), 
where 8 is necessarily < с and ус. 


Hence ey —/(£$— 63) (c— 55. 
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Also, if m be the length of the median ОР, 
ЯГ али иг иг ЭН 2. 
9 7 » 
2 2) (p2__ 2.2 
i omi (ferit ÉD er, 


^ Co= Си. 
Р 


Fig. 160. 


Thus the Cartesian coordinates of P are given by 
саат су=/ —с®/&—/;.................. (1) 
'. cda=ndé+ Edy, 


ар B-3 
ody = Exe Ene а 


n 
And therefore, if ds be an element of the are of the Bi-Polar 
eurve traced by Р for any relation between 7, and 7,, 


eds-( че ==) dg (ee -— d 
=в%(%— т) (22 ci <= 


4 ig 
vv быз, 

апа s- Мат 7 a- „е трго ДИСКИ СТ (2) 
If we put €=cecoshv, 5—csin u, 

we have E tun Ва | 
Moreover, x=c cosh v sin м, 

y=c sinh v cos и, 
and € -- y —c sin (ww), 


the transformation used in Art. 590 for the rectification of the 
central conics. 
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The (и, v) system and the (2, у) system are therefore 
connected, and either may be regarded as “ elliptic " eoordinates. 
Moreover, we have a definite interpretation of и, v as used in 
Art. 590, viz. 


„га Sim 
4,—Ssin^! -1——2? 


v-—cosh^! 


, 


"M 75 
20.“ 


and they are thus expressed in terms of the bi-polar 
determination of a point. 
Ex. Employ Formula (3) in the case 
sin 42m cosh v, 
To what curve does this equation refer ? 
611. If we wish to express the result of Art. 610 in terms of 
the original radii vectores r,, 7,, we have 
а Ty 
ша аё + а? _ (dr,+dr,)?_ | (ат —ат,)? 
ав ата (r, Fr) — 428 "(т 
_ (dr, +dr,)?[ 40? (7, —172)"] -(dry —ат„)#[(т +r) —4c7] 
(2c 4-7, 4- 7,)( —2c 4-7, +r) (2e —7, +) (2e 4-7, —т») 
14 v,ro(dv,--dr,?) + dr, dr, (a? —7?—7;?) 
16e (c —2a)(o — r) (o —7) 
where 2c=a апа 2e —a 4-7, +7, ; 


rr. (dr 3 drj3)4- (02 те тат ат, 
д 8-3|Улл тут, (ат, -- ат.) + (0—7; то)”, dTa 


, 


Va (s —a) (в—т,) (в—т,) 


(4) 


List or WELL-KNOWN Bi-PoraR EQUATIONS. 


612. The principal bi-polar cases of well-known curves are : 


Name. Bi-Polar Equation. Form of Equation in Elliptic 

Coordinates. 

1. Ellipse "+7 = 2а =a 

2. Hyperbola тү—Т»= да n=a 

З. Cartesian oval [т 1 = т £ + Т =1 

4. Circle T, = Kh, п= тё 

5. Circle т то? = к? += 5 

2 
6. Straight line  r,3—r=x? б-1 
7. Cassinian oval r r= E- =? 
E. I.C. 2R 
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613. Ex. 1. Rectify the ellipse r, +7, — 2a. 
Here =a, dg=0. 


ad — n 
s= | A go d» (n increasing) (n<c<a) 
= aE(6, 2) where n=csin@ (cf. Art. 567). 


Ex. 2. Rectify the hyperbola я, - r,— да. 
Here n=a, ао 


=f \ сов (>c>a) (cf. Art 388, Case 6), 


aS oe 
—tan о Vc авио СИ "4 BP 1 w, 2), 
c c с 


dii 
where жаен (cf. Art. 588), 
Ех. 3. Consider the case of the Bernoullis Lemniscaie 7,7, = с, 
Here £'-5y-c and 5-2. 
2 
Hence M за Lir apt | E га t Raw 


&e- c? с? — UR E pc с? т? T са)“ ; 
P 7 [A ая (cf. Art. 388, Case 2), 


: 5) (cf. Diff. Cale., Art. 458, and Int. 
Cale., het. 592). 


614. Use of Bi-Angular Coordinates. 

It is sometimes desirable to express an element of arc of 
a bi-polar curve in terms of the bi-angular coordinates Ө,, 0, 
which 7,, 7, respectively make with the line joining the poles. 

Let f(r,, r;)—const. be the bi-polar equation of a curve, c 
the distance between the poles S, H. Let the angles of the 
triangle SHP be Ө,, 0,, Өз; so that 7,, 0, are the polar 
coordinates of P with SH for initial line, r,, 0, the polar 
coordinates with HS for initial line. Let the normal PG 
eut the line SH at G and the cireumcircle of SHP at Q. Let 


^ ^ 
SPQ—x, НРО--хь, 


=ссп-! (2 


and let SQ=p,, HQ=p,, PQ=N. 

49, _ -tpp 

Then т, Те T bat ^ ME 
ад с + o,?— 

-n нэн рег. 
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Hence multiplying by ру, p, respectively, and then adding 
and subtracting, 


Ри Jg — Юг" Ja TO cem (1) 
49, 49, Ч 5 
Pm "s + Po P dm =b шан аф ома (ii) 
Now PSQH being cyclic, 


Pit + рот Nc. 


meee, 
- 
э 
- 


Fig. 161. 
Hence these results may be respectively written 
cds—(Nc— рт) dó, —(Nc—p,7,) dO, ............ (iii) 
= рат, 49, — p,, d0,— Nc(d0,— d6,), 
and ёз Pi фор, 49, + p, d0, -- Nc d6;, ......... (iv) 
for 49, -- d0, - d0,—0. 


The last equation (iv) is due to Mr. Roberts (vide Professor 
Williamson's Integral Calculus, p. 501, for a somewhat 
different proof). 

Again, in travelling along the curve f(r,, ,)—const., 


~ dr, +f, dr,—0 | where 7, stands for T , ete. ), 
т ира 1 or 
1 


4.6. fr, Sin x,—f,, sin xy,— 0. 


SG теа т T, fr, 
— (9) HG твій х, rjf, 


(see Diff. Calc., p. 181, Ex. 32); 


(b) B= sin Xi fn 
Pi SIN Ха "JA 
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In cases in which f(7,, r,) is homogeneous in т; and r, and 
of degree n, and if for convenience we write the constant as 


п-т ал-1 
с——, 80 that ДҮ, 7)=с а 


we have, by the theorems of Ptolemy and Euler, 


=P ibo apg a OREN РЕАЛА 
EA ti TT af get 
Then : Pi fn у, pa friv, М=а^-1у, 
The quantities и and N can be obtained in terms of, 7, 
as follows: 4 
N2= v. +r, T1"2T 1» 
( 1/1 2P2) > pot Top; 


(Hobson’s Trigonometry, p. 203) ; 


n Тә 
. a3 natn ты (77 +02 ЛАЛ 5) 


odia NEL ИА БЭЛ Эг, 
+ е ни Са їл TU. Љ)- fn fn sfr +7.) 


and у is therefore found in terms of 7,, 7, and the constant a. 
And as pins paf, Ма"), 


Pi» ро, Ñ are also known in terms of 7, 75. 


: 2 ш ЗИ уу AD i 
Also, since sin 0, —sin 0, sin (0, the 05) 
ал-1 
апа fir, d 


we have theoretically the means of expressing 7,, 7,, ру, ро 
and № either in terms of 0, or in terms of 0,, as required. 

Hence the rectification of the curve depends upon the in- 
tegration of either of the formulae 


св= [oir 49, |в ад, 


8 a T. 
me ina i 
or =|. nre 40, ка Ја 5,46 | ui a 
P2 
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615. Rectification of a Cartesian Oval. Genocchi’s Result. 

The last form was used by Mr. Roberts in a proof of Prof. 
Angelo Genocchi’s Theorem, that the are of a Cartesian oval 
can be expressed in terms of three elliptic ares. 

Thus, for this oval, viz. 1,r,+1,7r.=el,, 


Хе N 
and = r,?= N? + 5,?—2N p, cos Ө, =»? (1,2 —21,1, cos 0, + 1,2), 
та N? 4- p,?—2N p, cos Ө, =? (12—21 cos 0,4-1,2), 
= p,"+ ра + 2p, p, сов O,=v*(I;? +21, 1, cos 6, +1,"). 
Hence 


ГИР ТЕ; ty b r | hl c 
leon ав, y Oat а, 


и 


же һауе 


and 02-42) 2-1,| 12:81, cos 8, 31249, 
+1, | /1,2—2I,1, cos 0,+1,? d0, 
+l | 1,2 4-21, 1, cos 0, + 12 29). 


And these are the integrations required in the rectification 
of ellipses. "This is Genocchi's result. 

For a full description of the elements of these ellipses and 
for many other important properties of the Cartesian Ovals, 
the student should consult Professor Williamson's Differential 
Calculus, pp. 875-382, and Integral Calculus, pp. 239-243. 


Fig. 162. 


616. In a similar manner, if the tangent to the curve cut 
the circumcircle of the triangle SPH at a point Q' whose 
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bi-polar coordinates are сү, с, and T be the length of the 
tangent PQ’, which makes angles хү, x, with r, and г», we have 


dr, _ | @-+е2—ес 
da "Pam өт 
dr... 23 ерата. 
deo аг ЗИ Ги 
4 4 аа, а dr 
o, ioi Tisu T and 152—0: 1=0; 
. а= [ndr еа, 
AR 95 ЭРЭ 
and 2m |Б дА dr, + ЇР шэн ат. 


617. A General Theorem. 
Let there be two given curves 
"1 =/\(0), 75 = fs), 
and let OP,P, be a radius vector from the origin cutting 
these curves at P, and P. 


Fig. 163. 


Let а point P be taken on ОР,Р, во that 
| ОР-А,ОР,--Х ОР, 


4.6. т = үт Ag. 
and т №, MASS, 
A, А, being constants and dots denoting differentiation with 
regard to 9. 
Hence 


ri 72 = 2A (r 3-78) + AS 78) -2А,А, (ту, HiP). -----4(1) 
Let 8,, S» Sp be corresponding ares of the three curves. 
Now (741-77) (70—77) = (272) (е) 

and (т PS (пап (ед +7) (12? +72’). 
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Hence there are two cases of simplication, viz. 

(A) when rj^,—7,^,—0; (В) when 17,--7,7, = 0. 
Case (А) arises when the given curves are so related that 
r?—T$ = const. = а. 

т; _ Ра 


Case (B) arises when И 
Тү fg 


9.6. 72 = constant and the original curves similar and similarly 
йаа with regard to О. 
In ease (A) 
(yet Mylo)? = (га? 79) (r?— a? -- 7,2) 
= (4a?) (4? --a?) 


and $p = M&S H AS + 2AA (42 — a2) (82 +07). 


If we take №, =А, = À, say, 
$p = А [8,2 — a? 8$ + а®+ 2 /3,8— ад /8,? + а®] 
kad верата i i-a] 
If another point Q be taken on the same radius vector guch 
that № = -- Àg =À, say, 
then 8о-31У32--43-/32--а21 


The radicals are placed in this order because 
&? + а? 2» 47 —a?, 
as may be seen as follows: 
852+ a? — (8,2 — а?) = (rg +142) — (n? 7,8) + 20? 
s т,2— р? + а? 


ЭЭР 2. 842 
arri +a 
2 


2 „2 
ӨЛ a T 


and is positive. 
ТЕ we take 
A=}, фе. rps "5 and го= 1273 


then the P-curve is the locus of the mid-points of Р,Р,, and 
the Q-curve is such that OQ= P,P — PP, and, 


pe Ша Был. mt oat 
Iu 2 2 4” 


во that the P апа Q loci are inverse to each other. 
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For such derived loci we therefore have 
8Р+ 89 = вака 40, 

8ь--80-5 [viaa 40, 


and when these integrals can be found, sp and s, can be found. 


о 


Fig. 164. 


Again, the P and Q loci being inverse to each other, the 


$ .-. 
constant of inversion being 5, 


ins пасат К, 
кы En BOLA CER y Tiree?’ 


9 
Mui om zu Нүдэн db 
29 m 2ra 


p=- 080; 
Tid Ts тт © 


b. en 


> өч (1-2 vazado =| пт) аата, 
"TN (1-2 п)уванаад- [G суда ана 


018. Та Сазе M rT TU, = 88; 
whence реда Ед, 
апа | 8p 48, +Л535; 
but as the curves are then similar this is an obvious fact, and 
this part of the investigation does not render any new 
information. 
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619. A Useful Case. 
In Case (A) it may happen that the derived curves are 
different branches of the same curve locus, 
2 
r*—bF(8)r-- 7. —0, say, 


@ 
whose roots аге Tp, To- and трт 4 
and therefore T3 — T, — 4m рта. 


In this case the two branches of the curve are 


„HEO JPG) —o? 
9 , 


which are inverse to each other with regard {о the pole, the 
constant of inversion being 5 : 


And the “ given " curves from which this curve is derived are 
v, —bF(0), 
r— b*( F(8)y —a*. 
And if 4, and 8, be the differential coefficients of the ares of 
these curves, the arcs of the derived Р and Q curves are given by 


2,— | sai do /s,?— a*d6, 
а= (удираа /зү?— а?а. 


620. Ех. 1. Consider the rectification of the curve 
4(а% + y?) (x — a) + a?z —0. 
Putting this into Polars, 
72 — ar sec 647-0, 


, asec 9 + atan 0 


2 
The original curves from which this is derived are obviously 
т, —a sec Ө 
and r,=a tan 0, 


the first being a straight line and incidentally an asymptote of the curve 
we wish to rectify. 

The P and Q curves are branches of the same curve and inverse to 
each other. If N be the node on this curve (see Fig. 165) and A the point 
where the asymptote «=2a cuts the z-axis, the several arcs are 
AP, =8, ; ОР,--8,, NP-8», № = 80. 
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Now $,—asec*0, $j-a*(tan*0 +sect 0), 
$ * — a? — a? tan? Ө (sec? 0 4- 1), 
832 a? — a? sec? Ө (sec? 0+1); 
а A/1 4- cos? 0, 
52 + а? —a sec? Ө ^/1 + cos? Ó. 


20 


Fig. 165. 
sin 0 
cos? @ 


Now „1 + cos? 0 40 


. 


8 


sec OVI+ 0080+ | 80а 


0 
14505709 
=sec 9 ^/1 + сов? 0 — sinh-! (cos 0) 
=^/зес* 0+1 — sinh^! (cos 0), 
and [sect i +cos?§d@=tan өмет + | 1-0% 40 
== АД + cos? Ó 
2 BETTE: 
—tan 0/1 Fos | (р УГЬ-ен0)40 
ЕРЕ Бош КЕ. 4 Tur que СЕ em 
—tan Өх сове 0 4- /2 трат ао 


-sin ova 1-8 Ра) - 5 n (o, 1) 
Hence 


arc NP+are NQ—a | sin б./зес20--1 Jg F(a, 75) У 8(0, Л) 
arc NP — arc МО--а| Увес 0 +1 — sinh- cos 0]. 
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Thus arc NP and arc NQ are found by addition and subtraction. It is 
to be noted in this case, that although each separate arc МР, NQ requires 
for its expression the elliptic integrals of the first and second kinds, their 
difference is free from these functions, and expressible in terms of 
trigonometric and logarithmic functions. 


Ex. 2. As a further example, consider the * derived" curves to be the 
branches of the Cartesian oval 
2 
r! — (A 4- B cos бут+ т —0. 
The roots being rp and ro, we have 
п=7р+7о=А + В сов 0, 
тт 7 =М(А + В соз 0) – а?, 
and these аге the **original" curves from which the Cartesian ovals are 
derived, the first being a Limagon. 
$2 =r? += (A + В соз 0+ В?зїп? Ө 
= A?-- 2A B cos 0 4- В?, 
а, | VAr Са#+®АВсов@46@. (See Art. 573.) 
Hence the difference between corresponding portions of the inner and 
outer loops of the curve : 
#-(А + В сов 6)r+5 —0 
can be expressed as the corresponding arc of a certain ellipse. 
[This polar equation to the Cartesian oval is an ordinary conversion to 


polars, retaining one of the poles as origin, of lr+mr=n, writing 
72 4- c? — 9rc cos 0 for 7? and performing the rationalization.] 


Fig. 166. 


We may remind the student that any arc of this curve has already 
been expressed in terms of three elliptic arcs (Art. 615). 
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The ares 8= AP, sọ=4'Q to which the integration refers are shown 
in the figure. 

We may construct the ovals as follows. Having drawn the limagon 
т= А+ В сов Ө as explained in Art. 424, Diff. Calc., take any radius 
vector OP,, and on OP, for diameter construct a circle. Take centre P, 
and radius а and draw a second circle cutting the first at R. Then with 
centre О and radius OR draw a circle cutting ОР, at P}. 

Then OP,— A + B cos Ө, 

ОР, (A Boos 8 — a. 

Bisect P,P: at Р and make OQ— PP,; then the points P and 0 are 

points on the Cartesian oval. 


MISCELLANEOUS PROBLEMS. 
1. Prove that the three equations 
z-—clogsecy, y-c(tany—y) s-c(sec - 1), 
represent one and the same curve. [I. C. S., 1893.] 


2. Find the area of the curve 
f fa = 03, 
considering all cases which may arise. 


3. Prove that the value of the integral 


2 2 
Jess) 
taken round the ellipse 2?/a? + y?/b? = 1, is 5 p denoting the central 


perpendieular on the tangent at (z, y) and ds an element of arc. 
[I. C. S., 1912.] 


4. If the point z, y lies on the curve 


prove that —=— = 
» y 24-р аку +p 
and hence obtain the integral of ЕЛ: 
Ja? + 2pz +q 


If, however, the point (2, y) lie on the circle z?+y?=a?, show 
that the corresponding relation is 


Bt 


Ny 2 а 
where s is the length of the arc measured и 7 point (2, y). 
Deduce the known formula for the integral of ———— Ja - 6 
са 
(1. C. S., 1908. 
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5. Show that if 6 stands for 2 : 


ду — 1) d?v 


87" (uv) =v 67384 — ni 67771 + 18 бета — 


6. 1l 1 dR +9 
Вах arie 
and if 02 – 4ас be positive and the roots of а?+%+с=0 be 
А and y, prove that R= (g — А)? (x — џ)“, where 
p f, зад- 
q 34 Заз py 
And if a= - 1, 5-0, c=1, 
-% 1+2\2 
та 2 
R=(1-2) (т гн 
НР -4ас be negative, 


£ 2gb ANE 


R= (aa? + ba: + с) е2 4а ee ee, 
If 02 — 4ac=0, 
f 2ag -bf 
pou Е кл үе, абаа 
2a й 
[Е. J. Roura, Proc. L.M.S., vol. xvi., p. 250.) 
7. Show that 


деи 


there being 25+ 1 integrations, 2k+1 being an integer, though k 
may be a fraction, is equal to 


1 
НМ (2-1) (= 21) 
where М = (+ D(k 4-1 — 1)... to 2k + 1 factors. 
(СЕ. Roura, Proc. L.M.S., vol. xvi., р. 949.) 

8. ABC is a triangle with the corner 4 fixed and with sides 
AC, CB respectively vn and Vn +1, given lengths. 

The side АВ (=r) makes an angle 0-4 — (n-- 1) В with a 
fixed straight line АХ. 

Show (1) hr the Ww of B is rectifiable by the formula 


s=J/n —-4/nam-!4, mod. ЗҮГ 
j 5^6 


(2) When 2-1 on rectification is the same as that of a 
Bernoulli’s Lemniscate. 
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(3) The inclination of the normal to the radius vector 
is А+В. 

(4) The area of the triangle is equal to the area of a sector 

of the curve starting from the axis 4X. 
ГМ. SERRET's PROBLEM, Calc. Int., p. 269.] 

9. C is a point of maximum curvature on the Limacon 
r=acos6+b, ba; 

A and 4’ are the two vertices Prove that the difference between 
the ares AC, A’C is 4a. [Sr. Jonw's, 1891.) 


10. If y—2? — 3a?z, prove that 


and by integration express z explicitly in terms of y. | 
[Охговр I. P., 1916.] 
Apply this method to solve the cubic 


23 – 32? — 455-413 =0. 
11. Prove that 


ете : ра +7 : +...}. 
о 3.11 сит 
[Охковр I. P., 1916.] 


12. Prove that if л be an odd positive integer greater than 3, 
«| чийг (2- -492-4. 2-1 “Ја 


4"3 
“Ева ы M beo Lider 
q3*.-2395ttg-3'aca73[ 


[Oxrorp I. P., 1916.) 


13. The parameters ¢,, ѓ, of two points л, B of the unicursal curve 
j га -ву-уи-вусаја +) 
are equal to tan a, tan В, where 
-фт<а< - іт, iv-B-i. 
Prove that the area of the curvilinear triangle 40B, where О is 
the double point, is 
Е -& +ЙЁ- a- soo B sec asin (В - a) +5 tan B tan asin 2(8 - a) } 
[Охғовр I. P., 1916.) 
14. If n be a positive integer, show that 


[ x sin?nz cosec?z dz = Ўтт?, [Охғовр I. P., 1912.) 
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15. By assuming 
2 
da to be of the form студи 


23 
[жа NIIT 


obtain the integration by differentiation and equating coefficiente, 
also obtain the result directly by putting z* =z. 


16. Given a rational integral relation between z and y of the form 
y? + A yn А0" +... + А„=0 = Ё(т, у), say, 
where 4,, А„,... Án are rational functions of z, prove that when 
р dz can be expressed algebraically in terms of =, then 


[yis By + By + Bt + Ban o Bay, 
where Ву, B,, B, ... are rational functions of g. [ABEL.] 


17. Assuming X to be a rational function of z, and у" =X, 
and that р да is integrable in algebraic form and expressible as 


rim Por Pa Рун + Pg ay}, 
where Po, P, ... Pm- are rational functions of 2, show that 
Ро Р, = Р, =... = Ра 0, 
that is that the integration must contain one term only, and that 


sly dz is a rational algebraic function of z. [шооуш.] 


18. If М and 7 be two rational polynomials, then, provided 
E pe can be integrated in algebraic form at all, the form of 


the integral is aP where 0 is a function of z. 
Show also that 
(1) 0 is a rational гезер, of 2. 
40 1 ат 
(2) That МТ = e 07 


(3) That Ө is an integral polynomial expression and not of 
such form as Р where U and И are complete poly- 


nomiais, 4.6. not such that И contains z. 
(4) That the degree of the polynomial 0 is greater by unity than 
the degree of M. 


Use these facts to show that 


A 2 not expressible algebraically. 


ГВЕктквлнО, C. I., р. 94.1 
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19. P, 0, В being any rational algebraic polynomials, and 


d. 
assuming that when IP "B is integrable by means of the ordinary 


elementary functions, the integral must be of the form 


IP E бур log (a; + B, VR) + Blog (a, + В„/Ё)+..., 


where 7, 9, а, Bpa etc., are rational functions of 2, a result 
established, Бу Abel,* show that when the integration can be 
reduced to one term, the general type of the result is either 
algebraic of form 6//R or may be written as 
JR 
a 


4 


Ра _ m. 
РЕС 1 


In the latter case show that 


(1) 4-888-0 
(2) «88(2-2555)-2 


4 2Р 
(3) да Q- Qa=— B, 
where accents denote differentiation with regard to z. 


20. Show that 


z9(llz?372--28) de _ 9 tanh-1 (z - 1)J/z 2 
214 — 98 — 492 - 62-2 249 — 27 | 
21. Prove that > 


ве ИИ. I WAS Warm 7. [#+4&-8 
Уа? + 22 -5)(12+42-8) 2 z-5NZ 2-5 
29. Prove that 


(1) pene dz -tanh £25 22 + Be +1 
2241 Jet + 2a? 4+ 2241 5+ж+1 


3 tan?0 + 2 ., 800 
2) растае І + сов20' 


(3) | sinh 2 dz pu" cosh?z + 1 
Усовї22-1 У/с08822--2 | cosh?z4-2' 


* Œuvres. See Bertrand, Cale Intég , chap. v. 
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23. Show that 


pe as 1 | [oix dz си lf [ат + 22991 de 
ий А а enti а дао gen 4 gan—l 42-22 


gan—1 32 q2n-1 
ity qul. 
2n + 1 1 + sin?n-1 
1] AT einig 800 049 
Ge 1f Пон 2 INAR П + віпёп-10 
не К Еси. $ sin?»-1g sec 0 10 = tanh (sin 6 Тыын); 


24. Integrate the following: 


—tanh-!z 


o | (22+ 1)dz di) | хат 
Jit + 223 - 3a? — 4043 Jat + 223 — 3a? — ал+ a 
[А вЕг.] 
(iii) ба? + 15x +12 dz i 
527 +15ж+9 ,(2-4-1)(24-2) 
(iv) [o 
V1 +62 + 4224/1 - 22+ 42? 
(v) | (22 +a)dz us 
Vrt + 2a33 + 3072? + 2032 — af 
(vi) кү 223 +1 dr eii) (as 3z +1 ал 
-25*1 Jz*41 —2— 222 — 23 Ја 
үс: 1 dz З а -b)z — ab 
vi | са den 28 лэг (ix) enar dt 
1 +5 - 22 1-2 4х 
(x) I a т о) haa ат 


(xif) 1--344--225 dz 

1+22-45 Ди 

25. Show that the whole perimeter and area of a single loop of 
the curve r—2a cos nO (n> 1) are respectively equal to the whole 
perimeter and area of the ellipse 2? + n*j? = аа. (Охк, I. P., 1911.) 


26. If an element ds of a curve lie at distance r from the origin, 
and subtends an angle 20 there, it is known that unit electric current 
flowing along ds produces a magnetic force at the origin at right 


angles to the plane of the curve proportional to a 


Show that if unit current flows through a thin endless wire of 
given length in the form of an ellipse, the magnetic force due to 
the current at the centre of the ellipse is inversely proportional to 
the area of the ellipse. (Охковр II. P., 1913. 
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27. А current of electricity is flowing round а fine wire 
ABCD... КА bent into a plane polygon. 0 is any point within 
the polygon, and perpendiculars OP, 00, ОЕ, ... are drawn to the 
sides КА, АВ, ВС, etc., respectively, and again perpendiculars 
whose lengths are a, В, y, ... from О upon the sides PQ, ОД, RS, ... 
of the inseribed polygon PQRS.... Show that the magnetic force 
on unit particle situated at O is 


> 


where « is the current strength. 


sin A 
a 


28. Show that the perimeter of an ellipse of axes 2a, 2 and small 
eccentricity е is approximately equal to the perimeter of a circle of 
diameter a +b, with an error which is only about 0:0025 per cent. 
when e is as great ав 0:2. [Mara. Trip. Part II., 1913.) 
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